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We briefly discuss some of the known and new properties of rotating geometries that are relevant 
to this work. We generalize the analytical method of superposition of fields, known for generating 
nonrotating solutions, and apply it to construct massless and massive rotating physical wormholes 
sourced by a source-free electromagnetic field and an exotic fluid both anisotropic. Their stress-energy 
tensors are presented in compact and general forms. For the massive rotating wormholes there ex¬ 
ists a mass-charge constraint yielding almost no more dragging effects than ordinary stars. There 
are conical spirals through the throat along which no local negative energy densities are noticed for 
these rotating wormholes. This conclusion extends to nonrotating massive type I wormholes derived 
previously by the author that seem to be the first kind of nonrotating wormholes with this property. 
Based on the classification made in J. Cosmol. Astropart. Phys. 07 (2015) 037 [arXiv:1412.8282]: "Type 
I wormholes have their radial pressure dying out faster, as one moves away from the throat, than any 
other component of the stress-energy and thus violate the least the local energy conditions. In type II 
(resp. Ill) the radial and transverse pressures are asymptotically proportional and die out faster (resp. 
slower) than the energy density". 
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I. INTRODUCTION 

Detection of a negative energy density of whatsoever 
source has not been made so far. That does not seem 
to be possible in the near future. However, its indi¬ 
rect effects have been measured for both the Casimir ef¬ 
fect (ill2] and squeezed vacuum states where vacuum 
fluctuations are suppressed giving rise to regions of al¬ 
ternating positive and negative energy Si. 

The discussion of exotic matter involves negative en¬ 
ergy densities necessary for sustaining the so-called 
wormholes, which are hypothesized turmels connecting 
regions of spacetime. These have always been subject of 
intense research area. Many nonrotating and rotating 
wormholes have been found to general relativity and 
generalized theories of gravity (the list of references is 
too long to mention all of them). In this work we de¬ 
termine new rotating wormholes counterparts of exist¬ 
ing nonrotating ones and attach physical interpretations 
to their sources. We develop a new analytical method 
based on the superposition of fields each attached to an 
anisotropic rotating fluid. The method is known for, and 
was applied to, nonrotating solutions M. The gener¬ 
alization of the method to rotating solutions necessitates 
the introduction of different rotating or comoving bases. 

In the following section we discuss the properties of 
the metric of a rotating star and in Sec.|III]we discuss and 
extend the properties of its special form used for gener¬ 
ating rotating wormholes. In Sec. El we show that the 
rotating wormhole derived by Teo Q] using the metric of 
Sec. [nil which was shown to be sourced by no fluid fioll , 
could be sourced by two rotating fluids. 

In Sec. El we superpose a source-free electromagnetic 
field to an exotic matter to generate an exact redshift- 
free rotating wormhole solution, which turns out to 
be a rotating counterpart of the Brormikov-Ellis worm- 
hole iniiii. Based on their asymptotic behavior, a clas¬ 


sification of nonrota ting wormholes into three types has 
been made in Ref. Il3ll : Type I wormholes have their 
radial pressure dying out faster, as one moves away 
from the throat, than any other component of the stress- 
energy. In type II (resp. Ill) the radial and transverse 
pressures are asymptotically proportional and die out 
faster (resp. slower) than the energy density. For type 
I wormholes, the violation of the local energy condi¬ 
tions (LECs) occurs in a narrow region adjacent to the 
throat il^ . while for type III wormholes, the region may 
extend to spatial infinity. In Ref. (a we described this 
behavior by telling that type I wormholes violate the 
least-when compared to other types of wormholes-the 
LECs; said otherwise, they are yield the minimum viola¬ 
tion of the LECs than the other types of wormholes, and 
that type III wormholes violate them relatively the most; 
that is, they cause the most harm to the LECs. In Sec. I VII 
we generalize the procedure to rotating wormholes with 
redshift effects and construct a rotating counterpart of a 
nonrotating type I wormhole derived in Ref. 11T^ . 

In all derived rotating solutions we provide compact 
expressions for the components of the SETs of the two 
fluids as well as an expression for evaluating the angu¬ 
lar velocity co of the rotating wormhole. This velocity is 
determined upon requiring the components of the SETs, 
which generally depend on co, to reduce to their static 
values, which do not depend on co, in the limit of no 
rotation. 

In this work we provide a first example of a nonro¬ 
tating massive type I wormhole where no local negative 
energy densities are noticed on conical spiraling paths 
through the throat. This refutes the belief that rotation 
is the only way to reduce the effects of exotic matter. 

In Sec. I VIII we address the question pertaining to the 
NEC and WEC for the rotating wormholes derived here 
and for their nonrotating counterparts. We show that 
on a cone of equation 6 = constant it is possible to find 
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ways through the throat where no local negative energy 
densities are noticed. This conclusion extends only to 
the nonrotating type I wormhole derived in Ref. M but 
not to the Bronnikov-Ellis one. We conclude in Sec. lVIIll 


II. ON THE METRIC OE A ROTATING STAR 

Using the required symmetry properties of a station¬ 
ary and axisymmetric spacetime that is circular (partic¬ 
ularly the existence of two commuting Killing vectors dt 
and dtp), the standard metric for a rotating star in equi¬ 
librium may be brou ght to the following form in quasi¬ 
isotropic coordinates IM, IT^ (see o for more details): 

ds^ = N^dt^ - A^(dR^ R^d0^) - D^R^ sin^ e{dcp - codt)^. 

( 1 ) 

In quasi-isotropic coordinates the equality gRR = 
ggg / R^ is justified by fhe facf thaf all fwo-dimensional 
mefrics are related by a conformal factor. Here 
(N^,A^,D^,co) are positive functions depending on 
(R, 9). Under the further assumption that the star rotates 
slowly, it retains its spherical symmetry without being 
flattened, and this results in ggg = gtpcp/ sin^fl, that is, 
in = d 2 JH. So, the metric of slowly rotafing stars 
reads 

ds^ = N^dt^-A^dR^-A^R^[de^ + sm^e{dcp-codt)^]. 

( 2 ) 

The form (|2]l is not convenient for constructing worm- 
hole or black hole solutions. Introducing a new radial 
coordinate r: 


R=R{r), 


(3) 


we bring it to the form 


ds^ = N^dt^ — e^'dr^ — r^K^[d6^ + sin^ 6{d(p 
first derived in o. Here we have set 


codt)'^], 

(4) 


and A^R^ = r^K^{r,e). 


Notice that, in order to satisfy the symmetry require¬ 
ments, if A depends only on fhe radial coordinate, so 
are the functions {}i, K): 

A = A(r) ^ }i = }i{r) and K = K{r). (5) 

The metric lll]l has the further property that ggg and 
gtptp/ sin^0 = —r^K^ are everywhere equal; it is suffi¬ 
cient that they are equal on the axis of rotafion (0 = 0 or 
6 = n) for fhe mefric lll]l nof fo have a conical singularity 
on it il^ . 

Initially derived for slowly rofating stars m, how¬ 
ever, the metric lll]l has been used as a standard form for 
the discussion and derivation of rotafing wormholes @] . 


This implicitly assumes the absence of effects due to cen¬ 
trifugal forces which cause the "surface" of the rotating 
solution to flatten. 

It is worth mentioning that static ifT^ and rotating fl^ 
I 20 I 1 cylindrically symmetric wormholes are now an ac¬ 
tive topic of research. The metric ((l]l in quasi-isotropic 
coordinates is also useful for describing solutions en¬ 
dowed with cylindrical symmetry. In fact, if fhe met¬ 
ric coefficients {N^, A^, D^, co) are all one-variable func¬ 
tions depending on the new radial variable u, then by 
the coordinate transformation R^ = and 9 = 

arctan(z/M), where z is a longitudinal coordinate, one 
brings ([TJ to the metric (3) of Ref. 1 I 20 I 1 in the gauge 
A = C according to the notation of thaf reference. 

III. ON THE METRIC OE A ROTATING WORMHOLE 

In this paper a prime notation f{r,9, - ■ ■) denotes the 
partial derivative of / with respect to (wrt) r, and deriva¬ 
tion wrt to other variables is shown using the indexical 
notation, as in/g = df/d9. 

The work done in Ref. ll2lll . concerning the construc¬ 
tion of nonrofating wormhole solutions, has suggested 
the introduction of fhe shape function ilB(r,0) 

1 _ hZh s (6) 

r 

in terms of which the metric (HJl takes the form 

Ayl 

ds^ = N^dt^ -g — r^K^[d0^ -)- sin^ 9{dcp — cvdt)^], 

4 T 

(7) 

where > 0 fo ensure that the metric does not have 
horizons. We may choose K > 0, in that case K is a non¬ 
decreasing function of r {K' > 0). Now, to ensure that 
the metric is free of singularity on the axis of rotafion 
(0 = 0 or 0 = n), furfher regularity conditions must 
be imposed. These conditions include the elementary 
flatness constraint (absence of conical singularify on the 
symmetry axis), which has been discussed in the pre¬ 
vious section, the spacelike nature constraint of the ax¬ 
ial Killing vector 3^ in a neighborhood of the axis, and 
the existence of a Taylor series with only positive inte¬ 
ger powers of the local Cartesian coordinates (x, y, z) of 
any mefric funcfion. This last constraint implies that the 
derivatives of (N, B, K) wrf 0 have to vanish on the axis 
of rotafion W. I22] . For insfance, we can write B g as 

= x,eB,x + y,eB,y + ZgB^z 

= r cos 0 cos cpB^x + r cos 9 sin cpB^y — r sin 0B,z, (8) 
which reduces to 

Bg = r cos 9Bj - r sin 0B^z, (9) 

(with r = r sin 0) if axisymmefry is imposed. To avoid 
a jump discontinuity in the value of B g on the axis of 
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symmetry as z changes sign (cos 9 changes from — 1 to 
+1), we take B q = 0 there. As we shall see below, the 
scalar curvature depends on B gg (and on other second 
derivatives wrt 9), so the vanishing of the 9 derivatives 
of {N, B, K) ensures that the scalar curvature does not 
diverge on the axis. 

Asymptotic flatness requires 

hm = lim = 1, lim B/r = 0 . ( 10 ) 

r —^00 r—^oo r—¥co 

As in the nonrotating case, the surface of the throat is 
defined by 


B{ro,So)—rQ. ( 11 ) 


This provides vq as a function of 9o; that is, for a given 
value of 00 we solve Jllb for vq and we keep the largest 
value. 

In this work we only consider analytic fimctions 
B(r,9) admitting Taylor series about the point (rp, 0n). 
The curvature scalar 7Z is given in Eq. (92) of Ref. 12^ , 
the only factors of it that may diverge are 1221 


B,e 

r-B 


and 


B,88 3 / B g \ 2 

r-B^ 2\r-B) ' 


( 12 ) 


and all the other terms of TZ are finite on the throat 
and elsewhere . The second factor in lll2b has been 
missed in Ref. . Thus, the curvature scalar associated 
with ([Zll is nonsingular everywhere provided the values 
of B^g and B^gg are zero on the throat: 

^ ^ ®. 00 l()-o,eo) ^ 

These two constraints remove any divergence of TZ but 
they do not ensure a well-defined value of it on the 
throat, for the limit as (r, 6) —> (rp, 0 p) of the second fac¬ 
tors in (IT^ is still path dependent unless we take 

B,888\{ro,8o) = ^- (14) 


With this additional constraint, the limits, as (r, 0) —> 
(rp, 0 p), of the terms in lll 2 b have well defined values 


lim 


B, 


^',o\(ro,eo) 


{r,8)^{ro,eo) r-B 1 — B'l 

lim 

(r,8)^(ro,ffo) r-B 1 - B'l (ro, 0 (,)' 


(15) 


provided B'|(,^ 1. If B'\^^^^g^^ = 1, we have to im¬ 

pose the following extra constraints 

Ke\(ro,So) ^ Kee\(ro,eo) ^ Keee\(ro,Oo) ^ ( 1 ^) 


Thus, we have shown that the curvature scalar is reg¬ 
ular everywhere off the throat and it has a well de¬ 
fined and finite value on it if (a) the constraints (IT^ 
and (IT4]| are satisfied in case 7 ^ 1 or (b) the con¬ 
straints |[13|, lHU, and ifT^ are satisfied in case B' \ = 


1. An instance of functions B that satisfy the con¬ 
straints lll3b . Ill4b . and ifT^ are the one-variable relations 
B = B (r). In this case, the curvature scalar converges ev¬ 
erywhere off the throat and on it whether B'| g^-^ ^ 1 

or not. 

The mathematical expression of the Kretschmarm 
scalar is very sizeable, so we will not give 

here, however, we find that the only terms that may di¬ 
verge on the throat are the following: 


9 sin^ dBg^ 

~ Tr^K^(r - B)4 

3sin^ 0{sm^ 6[Bgg — (Ink) gBg] — cosdBgjBg^ 

^ ’ r4k4(r-B)3 

[2 cos2 0 -7 3 sin2 ek(rk)'(l - B')]B/ 

^ r4k4(r - B )2 


-i 


-i 


+ 


{2N2[2(lnk)^e + (InN),^^] _ gin^ Bcv/} sin^ OB^g 
2r^K*N^(r - Bf 

[sin2 6 B q 0 — 2 cos 9B g — 2 sin2 0(lnk)_gB g] sin^ 9B,gg 


r4k4(r- B )2 


2sin2e(l - B')[l + r(lnk)']B,| 


m 


)'4k2(r- B) 


(17) 


+ 2sin^0(lnN)-(lnN),g _ ^ 


r^YT 


sin^ 6a}'cL),g-. (1 — B')B g 
rN'^ ^ (r-B) 

|-13(lnk)' 2(lnk)'2-7 2(lnN)'2 6k" 1 


sin^ 9cv'^ sin^ 6B g^ 
N^r -I (r-B) ' 


and that all the other terms of finite on 

the throat and elsewhere. All that we have said in the 
paragraph following I ll 6 b , concerning the convergence 
of the curvature scalar, applies to the convergence of the 
Kretschmarm scalar. 

We have derived the properties of lO which were not 
discussed elsewhere. We refer the reader to Refs. 1^. 123] 
for an extended discussion of its other properties. It 
was particularly shown that the physical^ NEC, that is 
Tfiykf^k^ > 0 where kt^ is a null vector, is not violated in 
some regions around the throat allowing an infalling ob¬ 
server to avoid the (necessary) exotic matter sustaining 
the throat. 


4 If k>‘ denotes a null vector, the condition Tfiyk^k'' > 0 is called 
the physical NEC. In general relativity, this implies the geometri¬ 
cal NEC Rjiyk^k'' > 0. In nonrotating solutions, the physical NEC 
implies the effective NEC e -f p, > 0 and e -|- pt > 0, where e is the 
energy density and (p„ pt) are the radial and transverse pressures, 
respectively. If denotes a timelike vector, similar definitions exist 
for the physical Tfiyurii" > 0 and geometrical Gfiyufii" > 0 WEC. 
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IV. FIRST EXAMPLE OE A ROTATING WORMHOLE in terms of which we expand the second anisotropic SET 

ffiv 


The first rotating wormhole derived using the met- _ _ „ _ _ _ 

ric 0 is Teo's wormhole given by ~ + Pr^r (22) 


r 



(18) 


where a is the rotation parameter. Very recently, Teo's 
wormhole has been used to study collisional processes 
in the geometry of a rotating wormhole j2^|2^. 

For at least a = 1/4, it was concluded that null 
and timelike geodesics, passing through the neck of the 
wormhole, do not encounter exotic matter; that it, they 
do not observe violations of the NEC. 

Since K depends on (r, 6 ) while B is constant, by 
the requirement 0 Teo's metric JTSl l cannot be derived 
from 0 by the coordinate transformation 0. 

It was shown in Ref. Gi thaf Teo's wormhole carmot 
be generafed by a single perfecf or anisotropic fluid. It 
is, however, possible to show that this solution is gener¬ 
ated by two rotating anisotropic fluids fhe SETs of which 
are rmphysical and nof relafed fo any known mafter dis- 
fribufions. In the following we outline the steps of the 
proof without providing the full expressions of the two 
SETs which are very sizeable. 

The unphysical thing with Teo's wormhole is the com¬ 
ponent Gj .0 of fhe Einsfein tensor which is not zero 


GrO — 


32fl^(3r -|- 16fl^cos^ 6 ) cos 0 sin 0 
r{r + 16fl^ cos^ 0)^ 


Because of this property, we use a normal orthonormal 
basis b = (et, er, eg, e^) 


}i ^ f gtt 2a; gyy _WN 

' V Ngtt ' ' ' NJ' 

,S = (o,o,To), 

/ IrcoKsinO 
\ /^/^/ 

V Vtf 


ef; = 


el=i- 


rK sin 0 /' 


(19) 


where (e, pr, pg, Pq>) are the energy density and the pres¬ 
sure components of fhe second SET. 

The basis b has been constructed so that %g ^ 0. The 
nonvanishing components of and Tf,y are 


Ttt = N^e - 


Trr = 


rpr 


trr — 

r — B 
r 2 r 


^ _..2r.2„ ^ _gt^[N^ 2 e + p,p)-cv^ 

he — ^ ^ Vei hep — - 

gtt 

^ _ 4N2g2^e - g^^(N 2 - cv^gcpq>fp,p 

Ifcp - “2 , 

ott 


(23) 


Ttt = N^e - Up-gepepPep, Tyg = Vr^K{pg - Pr), 
frr = pr+^^, Tgg = rK^[{r - B)pg + Bpy], 

Tttp = ~gtcppcp, T,p,p = —gepeppep. (24) 

We divide the field equations into two groups 

G1: Gtt = 87r(Ttt -|- Ttt), Gtep = 8rc[Tt,p + h^p), 

G(pcp = 8Tz{Tq,q, Tepep), (25) 

for the four unknowns (e, p^, e, p^) and 

G2 : Gyr = 8Tz[Trr Tyy), GyQ = SlzTyg, 

Ggg = 8n(Tgg + Tgg), (26) 

for the four unknowns (pr, pg, pr, pg)- Since in each 
group fhe number of unknowns exceeds the number of 
equafions we can fix some unknowns and solve for the 
others. 

Choosing e of fhe form 


(where gtt = — Pco^K^ sin^ 0, gqxp = —PK^ sin^ 0, 

and gtep = —<-ogcp(p) in ferms of which we expand the 
first anisotropic SET 

T?'*' = ee^^e\ + prefer + VePgPg + VP^epipp, (20) 

where (e, pr, pg, pip) are the energy density and the pres¬ 
sure components of the first SET, along with a second 
orthonormal, but unusual, basis b = {et, h, eg, e^) 



^ ,o). 


(o, 

(o. 


r-B 


p3/2f^' 


v'B(r-B) 

r ' P/^K 


,o). 


( 21 ) 


8 n{rK)^' 


(27) 


which corresponds to an electromagnetic energy den¬ 
sity, does not lead to any consistent (nonrotating or ro¬ 
tating) solution. Rather, we choose {e, pr) of fhe form 


_ _ ‘'1 _ _ ‘'2 

64Ti{rK)^' 6 ATz{rK)^' 

with 3 < Cj < 7 and 8 < < 12, (28) 

which correspond to an exotic matter. On substituting 
these values into G1 and G2 we derive the expressions 
of the unique remaining unknowns. Since their expres¬ 
sions, and the expressions of their series expansions in 
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cP-, are sizeable we will not provide them here. Their 


series are of the form 


12 — Co „, 7 . c? — 3 


64 Tir^ 


64 Tir^ 


+ 0 {iP), 


e = 


6477:j-3 


+ 0{p-), Pr = 


C 2 — 8 
6477:j-3 


+ 0{a^), (29) 


Co — 8 „, 7 . _ 7 — c? 

^ +0{a^), pcp= ^ 


647j:j-3 


6477:j-3 




For instance, up to 0{P) the expression of P(p reads 


_ cf - 3 9 - 3[3 + 4(6 + cl)P - 24r4] cos^ 0 ^ 

647rr3 167rr^ 

+ 0(fl4). 


Thus, we have shown thaf Teo's rofating wormhole 
could be inferprefed as a solufion generafed by fwo 
anisotropic fluids one of which, is exotic and the 
other one, corresponds to ordinary matter. The cor¬ 
responding nonrotating wormhole is also generated by 
two anisotropic fluids given by 


exotic: T; 


: diag( 
ordinary: = diag^ 


-C7 


12-c2 cf-3 


6477-J-3' 5477-J-3' 647X-J-3 ' 647Tr3)' 


iV 


cS — 8 c? — 8 7 — c 


GAnP' 647rr3" 64 Tir^' 64 Tir^ 7' 


with a vanishing total energy density^, a total radial 
pressure of —1/ {8nP), and a total transverse pressure 
of —l/(167rr^). 

Based on differenf choices fhan Il28b . other reinterpre¬ 
tations of Teo's wormhole remain possible due fo fhe 
nonlinearity of fhe field equations; that is, the same met¬ 
ric may be sourced by different SETs. 

In the following section we will consfrucf a new rotaf- 
ing wormhole solution that is generated by an ordinary 
electromagnetic fluid and an exotic one, which are both 
anisotropic. A simple expression for ifs elecfromagnetic 
energy density would be given by (l27ll . 


V. ROTATING WORMHOLE WITH AN 
ELECTROMAGNETIC CHARGE 


We keep using the basis ifT^ , the expansion ll20ll of fhe 
first SET and its nonvanishing components 1123E and we 
introduce a new basis b = (cf, Sr, eg, e,p) defined by. 



(0,0, T,0), 



( 0 , 0 , 0 ,—^), 

V rK sm 6 / 


(30) 


^ The bases b and b as well as the basis b introduced in Sec. |V]all 
coincide if rotation is suppressed. Hence, one can add, say, energy 
densities to find the total nonrotatmg density. 


and define a new SET 


f}iv ^ Pgelel + 


with 


ftt = N^e - W^gcpfPf, frr = 

Tgg = PtPpg, Ttcp = —gtcppcp, Tcpcp = —gffpf- (32) 

The aim of this section is to derive an exact rotat¬ 
ing wormhole solution sourced by an ordinary electro¬ 
magnetic SET and sustained by an exotic matter. For 
that end, we first seek to impose the physical constraint 
Gre = 0. The general expression of corresponding 
to 0 reads 


2r{r-B)K^N^ 


Grg = 2r(r-B)N^KgK’ 


sin 9 

+ P(r — B)K'^co^gco' sin^ 6 (33) 

-F rKN{2{r - B)N^gK' -F N[B^gK' - 2{r - B)K'g]} 

+ K^N{NB^e + 2(r - B)Ng + r[B^gN' - 2{r - B)N'e]}. 


It is not easy to handle analytically the nonlinear dif¬ 
ferential equation G^g = 0, so from now on we restricf 
ourselves fo simple solutions where {N,B,co) depend 
only on r 


N=N{r), B = B{r), co = aW{r). (34) 


This will help us to construct exact analytic solutions 
in closed forms with pretty expressions for fhe compo- 
nenfs of fhe SET. Exacf solutions in closed forms are 
very useful for asfrqphysical applications lIT^ and com- 
pufer simulations 12^ . As we shall see in section IVTl 
where we deal wifh fhe general case, fhat the simplifica¬ 
tion ansatz ll34ll won't help anymore getting exact solu¬ 
tions in closed forms [fo the differential equation Il67ll 1. 
Another advantage in employing the ansatz | |34| | is 
to ensure regularity ever 5 rwhere of fhe curvature and 
Kretschmann scalars, as stated in the paragraph follow¬ 
ing idSll, since in fhis case B is independenf of 6 . The 
ansatz ll34ll too ensures regularity on the axis of rofation. 

It is easy to see that the constraints l l34] | reduce G^g = 
0 to K gK' — KK'g = 0 or, equivalently, to K{r, 9) = 
F{r)H{9). But asymptotic flatness i fTOl requires H{6) = 
1 leaving K as a function of r only, which we may fake 
of fhe form 


K = l + a^f{r) (/—>■ 0 as r —>■ oo). (35) 

This is conform to the symmetry requirement 0. 

We start with the case where N is constant. Asymp¬ 
totic flatness JlOb requires 

N = l. (36) 


We divide the fields equations into two groups 


G3 : 


Gtt — 8Tz{Ttt + ftt), Gtcp — 87T{Ttq, -F ftf), 

Gcpcp = 8Ti{T,p,p -F fcpcp), (37) 
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for the four unknowns (e, e, p^) and 
G4 : Grr = BuiTyr + Trr), Ggg = Bk{Tqq + Tgg), (38) 


for the unknowns (pr + pr, Pe + pe)- 

Since in each group the number of unknowns exceeds 
the number of equations we can fix some unknowns and 
solve for the others. We make the choice i27i for e 


8n{rK)'^' 


(39) 


where q is an electric or a magnetic charge and rK is the 
radial proper distance. For a massless solution, a corre¬ 
sponding simple expression for B(r) is 

B = ^. (40) 

r 

We first solve G3 (l37ll for (e, p^, p^). The expansions 
of (e, pcp, Pip) in powers of are the following 


e = - 

pif = 
Pip = 


+ (41) 

r[r{q^-r^)W"+ {3q^-4r^)W']+8q^W ^ 

327Tr4W 

r[r{q^ — r^)V<!" + {3q^ — Ar^)^N']+ 2 ^ 
327rr4W ^ 


J 


where the terms independent of a (the leading terms) are 
the static values. We require that the leading terms of the 
SETs be independent of the choice of W(r) by setting 


r[r{q^ - r^)W + (3q^ - Tr^) W'] 8q^W = 0. (42) 


This requirement sets to 0 the leading term of p^), which 
may correspond to a dust. Using ll42t in ll41b . we see that 
the leading term of p^, q^/ (Tzir^), is also independent 
of W as required by our hypothesis that the SET Tf^'^ is 
that of an ordinary electromagnetic source. We will es¬ 
tablish below that the leading terms of {pr, pg) are also 
independenf of W and correspond to an ordinary elec¬ 
tromagnetic source. 

The function co = aW is subject to the requirement 
that asymptotically it approach the angular velocity of a 
star, usually taken as 2a / [compare with lITSll l 

co^2a/r^ as r —t oo. (43) 

The differential equation J42b along with the boundary 
condition W —t2/r^asr—too lead to the unique solu¬ 
tion 


3g-V7arccot(VX^-l) - 1 + ^/7 - {y/X^ - 1 - ^ 7 )e2V7arccot (VX"-1)] 

8V7\q^\X 


{X = r/\q\>l), (44) 


where y = arccot x is the inverse function of y = cot x 
and 0 < X < Tz. In the expression of W one may 
replace arccot (— 1) by arctan(l /y/X^ — 1) where 
y = arctanx is the inverse function of y = tanx and 
— 7t/2 < X < ti/2. 

The sign of W is fhat of the expression inside the 
square brackets in ll44b . which we rewrite in terms of 
y = y/X^-1 


S(Y) =Y + y/7-{Y- y^je^^^arccotY^ 

where Y = y/X^ — 1 > 0. (45) 


Since S(0) > 0 (arccofO = n/2), limy_>ooS —t 
0+ [S = 16y7/(3Y2) 0{1/Y^)], and S,yy = 
32y7e2'^““°‘^/(Y2-il)2 > 0, we conclude fhat S(Y) 
is always positive, and so is the function W. The latter 


may be written in the form 


^ 3[y/7 cosh(-v/7arccot Y) — Y sirLh(-v/7arccot Y)] 

4v/7|y3|VY2-hl 

with Y > 0. (46) 


With fir) 7 ^ 0 l l35] |, the expressions of the SETs are 
still sizeable. If /(r) = 0, the rotating wormhole and its 
corresponding nomotating one read, respectively 


ds^ = df^ — 


di'2 

- j — r^[dd^ + sin^ 0(d(p — aWdt)^], 

l-% 


(47) 


dSg = dt^ 



r2(d02 + sin2 0d<p2). 


(48) 


The resolution of fhe G4 (l38ll provides the expressions 
of Pr + pr and pg + pg) then, it is matter of compari¬ 
son (with the nonrotating case) and identification to ex¬ 
tract the expressions of (p^, pg) which correspond to an 





















7 


ordinary electromagnetic SET^. Finally, the energy den¬ 
sities and the pressures of the two fluids for the rotating 
wormhole are given by 


e = -pr = Pe = 


Snr'^' 


(49) 


— 5a^r^W^ sin^ 6 -|- sin^ 6) 

87rr^(l-|-sin^ 0) 


could interpret it as a nonrotating wormhole sourced by 
two rotating fluids, in which case fhis would general¬ 
ize the Bronnikov-Ellis wormhole. The sought rotating 
wormhole with dragging effects, a counterpart of the 
Bronnikov-Ellis wormhole, is the one given in Il52b . This 
seems to be the simplest rotating Bronnikov-Ellis worm- 
hole; other rotating Bronnikov-Ellis wormholes are pos¬ 
sible in general relativity as well as in generalized theo¬ 
ries of gravity ll2^ . 


£ = — 


sin^ 6 


7rr^(l -|- a'^r'^W'^ sin^ 9) 
a^{q^ — r^)W'^ sin^ 6 


Pe = -Pr = 


?,lTl 

a^{q^ — sin^ 9 

327T ' 


a^[8q^W^ — 3r^{q^ — r^)W'^] sin^ 9 
32Tir^ 


(50) 


where we have used the differential equation l|4^ to 
eliminate W" from fhe expressions of (p^,e, p^). The 
static values are obtained setting a = 0 


VI. THE GENERAL CASE 

In this section we treat the general case of a rotaf- 
ing wormhole where (N, B, co) are any functions of r, as 
in ll34ll , wifh fhe energy density of one of the two fluids, 
being electromagnetic given by I l39b . Without loss 
of generality, we take X = 1 as in the nonrotating solu¬ 
tion. We then specialize to the case of a massive worm- 
hole with an electromagnetic charge. 


A. The nonrotating wormhole 


_ _ _ _ ‘I 

£s — Prs — Pes — Pfs — 

~ 

£s = ~ 477:^4 ' ~ ~ ~ 

This shows that the nonrotating and rotating wormholes 
are generated by the SET of an ordinary electromagnetic 
field and by fhat of an exotic dust. Due to rotation, the 
two SETs become anisotropic. 

The decomposition of fhe fofal SET of a nonrotafing 
wormhole info an ordinary electromagnetic (a source- 
free radial elecfric or magnetic) parf and an exotic 
one was considered in Ref. |@-H, HI). The sfatic 
solution is jusf fhe so-called Ellis wormhole Cllil as 
fhis can be seen performing the radial coordinate change 
= iP- + q^, which is the same as m = \q\Y, yielding 

ds^ = df^ — du^ — {iP + q^) [d0^ -|- sin^ 0(d^ — flWdt)^], 

(52) 

dSg = df^ — du^ — {iP + q^) (d0^ -|- sin^ 9d(p^). (53) 

The axially symmetric solution given by Eqs. (41), 
(46), and (47) of Ref. ll2^ . which is sourced by two ro¬ 
tating fluids one of which is electromagnetic and the 
other one is exotic, has been interpreted as a rotating 
wormhole with no dragging effects (co = 0). One 


^ It is also a matter of choice: we could modify both (p,, pr) without 
modifying their sum and we could do the same for {pg, pg). Only 
the total values of the pressures p, + p, and pg + pg are determined 
analytically and the partial pressures are determined, say, by the 
wormhole "assembler" (from an advanced civilization). 


The field equations governing the nonrotating worm- 
hole with metric 


ds^ = N^dP 


dP 


P(d9^ + sin^ 9dcp^), 


(54) 


read 


B' = 87rr^(es + es). 


2(lnN)' = 


8nP{prs + prs) + B 


r{r — B) 

2(pts + pts) = 2(prs + prs) + ''(Prs + Prs)' 

+ ^(Prs + prs + £s + £s)(lrthl)'/ 

rP 

with eg = -prs = 


(55) 


87rr^' 


where the subscript "f" denotes a transverse pressure: 
Pts = Pes = Peps and pts = pes = Peps- {£s,Prs) have the 
same expressions as in <5B. 

In the case of a massive wormhole we have 
limr->oo B = 2M with M being the mass. As we saw 
in the previous section (Sec. 0, the case of N being 
consfant {N = 1) could be supported by a dust SET 
if the mass of the solution is null without setting 
constraints on the values of fhe ofher paramefers. If 
M 0, assuming fo be the SET of a dusf, the 
case A1 = 1 would lead to restriction(s) on the param¬ 
eters' values. For instance, taking prs = 0, the second 
line (l55ll evaluated at the throat tq [ro = B(ro)] implies 
Snr^Prsi^o) + B{ro) = 0 or, equivalently, q^ = r^. In the 
remaining part of this section, we will neither restrict 
ourselves to the case N = 1 nor to the case where W'' is 
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the SET of a dust. We will however impose the asymp¬ 
totic behavior ino) 

N ^ 1— as r —>■ 00 (a > 0). (56) 

For any physical wormhole solution, the SET vanishes 
at spatial infinity. For a nonrotating solution we may 
write asymptotically 

f’rs as r ^ 00 (/3 > 0), (57) 


where Prs = prs + Prs is the total radial pressure. In 
order to observe the flatness condition I I56I I the second 
line ||55]| implies fi > 2. If, further, > 3 then a = 1 and 
Noo = M. 

Based on their asymptotic behavior, nonrotating 
wormholes have been classified into three types lH^ . If 
the total energy density Es = Cs + £s behaves as 

Es ~ ^ as r —t 00 (7 > 0), (58) 

the classification yields Cl 

type I: /5 — 7 > 1 (/3 > 3 ,7 > 3); 

type II: 0 < /3 — 7 < 1 (/I > 3 ,7 > 3); 

type III: /I < 7 (/I > 3 ,7 > 3). 

Type I (respectively type III) wormholes violate the least 
(respectively the most) the LECs. 

Among the nonrotating type I wormholes derived in 
Ref. Cl, we select the solution having a positive total 
energy density Eg = eor^/r^ given by 


= exp ( — ^ ^ ^ (integer) > 6 ], (59) 

^ i=i 


es = 


8nr^' 


es = 


_ eor4 


Snr^' 


Prs — Pts — 
prs = 


Snr^' 

iy ~ ^)Sn-2 + 1 


-h 


Pts = 


+ 


87rrgy'*+i ' 8nr‘^' 
2[(n-2)y + l-w]S „-2 + 2(n-l) 
327Tr^i/”+i 

[xy’’-3-(y-l)S„_2-l](ELt|) 


(60) 


32nr^if 




8nr^' 


where cq > 0 is the total energy density Eg(ro) at the 
throat ro and M is the mass of the wormhole 


2M = ro + 8nrQ€Q. 


The constraint ro/2 < M results from the positiveness 
of total energy density Cl and the constraint M < ''0 
results from B'(ro) < 1 111 . In ll5^ and ll60]l , (x,y,Sjt) 
are defined as follows: 


x=(2M —ro)/ro (0 < x < 1), 

y = r/ro, 


S;c = E 


(=0 


1 - 
1 — X 


(62) 


Since 0 ^ prs 7^ pts 0 ll60ll . the exotic SET 
does not correspond to a dust; rather, it corresponds to 
an anisotropic fluid. 

Notice that in ll55ll and ll60ll . the expressions of {prs + 
prs, Pts + pts) could be arranged as follows: 


Prs + prs 


Pts + pts 


2r{r - B)N' - BN 
Bnr^N 

B[N -r{N' + 2rN”)] 
ISnr^N 

B'N - r[{2 - B')N' + 2rN''] 
IGnr^N 


(63) 


(64) 


B. The rotating wormhole 


While the expressions of (N, B) have been fixed 
in Il59b , the following treatment is valid for any frmctions 
(N, B, cv) of r as in ll34]| . 

This time we first solve G4 | |38] | for {pr + pr, pe + pe)- 
Their expansions in powers of are 

pv + pr = rhs of ll63ll -I- O(a^). (65) 

Pe -h Pe = rhs of + 0{a^). 


Notice that the leading terms of (pr -h pr, pe + pe) do not 
depend on any choice of W. 

Now, we solve G3 ll37b for (e, p^, p^). The expansion 
of e in powers of is 


e = 


— r^B' 
8Tir^ 


0{a^), 


( 66 ) 


the leading term of which is also independent of any 
choice of W: this is precisely eg 1601 . The leading terms 
of the expansions of (p^, p^) in powers of do, how¬ 
ever, depend on the choice of W. If the latter is chosen 
to satisfy the differential equation: 


2r^[r - B)NW” - r^{ [7B - r{8 - B')]N + 2r{r - B)N'} W' 
- 16q^NW = 0, (67) 

then the leading terms of the expansions of (p^, p^) in 
powers of no longer depend on W and take the forms 

P9 = + ( 68 ) 

p<p = rhs of lO - -h 0{a^), 


(61) 
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which are precisely pt s and pt s l|l 0 |, respectively. 

We have checked that the case K 7 ^ 1 is no loss of gen¬ 
erality; for instance, the leading term of e remains also 
independent of any choice of W, as in ll 6 ^ , but it depends 
on {K, K', K”) as the differential equation governing the 
behavior of W does in this case too. 

Finally, the energy densities and the pressures of the 
two fluids for the rotating wormhole are given by 


e = 

P<p - 


= to?' 

— Sa^r^N^W^ sin^ 6 + la^r^W^ sin^ 6) 

Snr^N'^{N'^ + a'^r'^W'^ sin^ 6) 


The values of the other constants, c, and i > 5, depend 
on the particular nonrotating wormhole (B, N). If the 
latter is given by (l59]l . taking n = 6 the fimction W for 
the corresponding rotating wormhole is approximated 
by the series 

(73) 

If we impose the constraint on the still-free parameters 
(M, q,ro) 


16q^ = 3{2M-ro)ro, (74) 


e = 


B’ (?2(N2-h9flVw2sin2 0) 
S/rr^ Snr'^{N^ + sin^ 9) 

a^r{r — B)W'^ sin^ 6 


32tzN^ 


(70) 


pr = rhs of 
pe = rhs of 
Pio = rhs of 


q^ a^r{r — B)W'^ sin^ 9 
Snr^ 32 tiN^ 

q^ a'^r{r — B)W'^ sin^ 9 

Snr'^ 32nN'^ 

q^ a^q^W^ sin^ 9 


8nr^ inr'^N^ 
3a^r{r — B)W'^ sin^ 9 
327tJV2 ' 


where we have used the differential equation (l67ll to 
eliminate W" from the expressions of (p^,e, p^). Since 
only the total values of the pressures pr + pr and pg -i pg 
are determined analytically, here again, as was the case 
treated in J49b , we fix (pr, pg) to their static values. 

There is no way to solve i67i in the general case where 
(N, B) are any functions as in the case where (N, B) are 
given by (l59t . Searching for a power series solution in 
1/r satisfying the boundary condition J43b . the expan¬ 
sion takes the form 



The case to which one is mostly interested is the one 
with j 6 > 3 lISTb . which results in Noo = M as we saw 
earlier (l56b . This constraint on p yields 


C4 = 0. 


(72) 


Because of this, the dragging effects of these rotat¬ 
ing wormholes mimic to some extent those of rotating 
stars^. The distinction is rendered possible only in the 
regions surrounding the throat. 


^ The solution given in l44b is also endowed with such a property. Its 
series expansion has only odd terms: 



llq^ 

5r^ 


253q‘^ 

1407-7 


+ 0 (l/r‘'). 


this yields C 5 = cg =0. An observer falling into the 
geometry of these rotating wormholes will almost not be 
able to distinguish their dragging effects from those of 
rotating, non-flattened, stars except very near the throat. 
The solution reads 

,. 7 _ 2 , ,(2M-ro)4 + 4Mro(M-ro)2 + 4M3ro 
r3 ^ 28r7 

+ 0{l/r^), (75) 

where C 7 , the coefficient of 1/r^, is manifestly positive. 
The constraint ll74b may be realized by the wormhole 
"assembler" in different ways on observing the inequal¬ 
ities on M l l59b . 


VII. THE ENERGY CONDITIONS 


A. The null energy condition 


The NEC is the constraint 


^NEC = {Tqv + > 0 (physical NEC) (76) 

expressing the positiveness of the local energy as seen 
by any null vector . Using the basis b Il30b . this is given 
by 


k^ — el + siCr + S2eg + (sj-I-S 2 -I-S 3 — 1). (77) 

Using the SET expressions Il23b and Il32b . and the basis 
b ll30b along with the general rotating metric ^ (taking 
K = 1 ), we find 


-^NEC — e + e + Si(pr + Pr) + S 2 (p 0 + pg) + S 3 (py -h , 


AarNW sin 9 r 




arNW{l -i 83 )^ sin0 
(N — arW sin 9)^s^ (e + p^). 


(78) 


which reduces to the nonrotating value ii a = 0 . 

It is easy to show that the NEC is violated by making 
special choices of ( 81 , 82 , 83 ). We will reach that conclu¬ 
sion below but our main purpose is to show that there 
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are some paths whose tangent is k^^ along which no neg¬ 
ative energy densities are noticed. Let us apply I I78I I to 
conical light paths, that is, to paths moving on the cone 
of equation 9 = constant (s 2 = 0) from spatial infin¬ 
ity to the throat (si < 0 ) and revolving in the same or 
opposite direction as the rotating wormhole (S 3 > 0 or 
S 3 < 0, respectively, with |s 3 | < 1). For such paths, fcf' 
takes the following form where S 3 is kept arbitrary and 



In our first application we consider the rotating 
wormhole given by N = 1, ll44ll . di^ anddSOll. We find 


where Di = 167rr^(£s + Prs)> ^1 = 167rr^(Pts — Prs) 
(Pfs = pts + pts is the total transverse pressure of the 
nonrotating wormhole), A 2 , and C are given by 


A^ — 


roxSjil + x'^)^ roSi{l + x'^){l + x‘^) foSg 


2y7 2 y 6 

vqxSi roSi[l-|- x(14-|-x)(1-I-x^)] 

'W ¥ 

12 x{13 x[13 -h x(13 -H 12x)]} 


2y5 


^0 


2y3 


(84) 


r^W'^(r — B) sin^ 0 16o^Wsin0 

^2 = - ^ ,,, ^ - >0, C = —- > 0, 


Di = ro 


2Si(x + x'^) — 2Sny + 2xy^ 
¥ 


N 


87Tr'^lNEc = — a^r^{r^ - y^) W'^ sin^ 0]s3 

- 1 - {Saq^rW sin 9)s^ — 2q^. (80) 

Note that at the throat ro = \q\ we have lim,,_^|^|(r^ — 

q^)W'^ = [36/ (7q^)] sinh^(y/7n/2) 7 ^ 0. The rhs of (I 8 OI 1 
may have both signs for arbitrary a. However, the rota¬ 
tion parameter a is subject to the constraint that the lin¬ 
ear velocity at the throat, in the plane 9 = 7 r/ 2 , is much 
smaller than unity 

aroW{ro) <C 1. (81) 

This is the slow rotation limit EEm ensuring that 
linear velocities of dragged objects do not exceed the 
speed of light to ensure safe traversability. This implies 
arW{r) 1 since rW{r) is a decreasing function of r. 
In this limit, the rhs of dSOll has two roots 83 - < —1 and 
0 < S 3 + < 1 , which is the desired root given by 

S 3 += 1 — 2flrW(r) sin0-|-C/(fl^). (82) 

Thus, the physical NEC, {T^v -|- > 0, is not vio¬ 

lated along such conical light paths satisfying 1 > S 3 > 

S 3 + and Si = — y'^I — S 3 . In the case of no rotation, the 

rhs of 11801 becomes —2q^s\ which is always negative un¬ 
less we take si = 0 corresponding to circular paths on 
the cone never reaching the throat. If no rotation, the 
physical NEC is not violated on conical circular paths 
and violated on any path that might cross the throat. 

There is no ergosphere in the slow rotation limit dSTIl 
since in this case gff = 1 — sin^ 0 > 0. 

Now, consider the rotating wormhole given by Il59b . 
(I521 l, (15^ , and l ITOl l. Equation dTBl l reduces to 

Ib/rr^N^lNEC = {N[N(3B - rB') + 2r^N”{r - B) 

+ N'{3rB — 2r^ — r^B')] — 2a^r'^W'^{r — B) sin^ 0)83 
16aq^NWsin9s3 + 2N[N{rB' - B)+2rN'{r - B)]. 
Eixing n = 6, this reads 

167rr^ Jnec = (^1 - 2a^A2)sl + aCs^ -|- Di, (83) 


with r — B = ro(y — l)(y — x)/y. 

Numerically, we have checked that the term Ai is al¬ 
ways positive for all possible values of x ll62ll : Di is pos¬ 
itive for all X and y > yi > 1 and negative for all x 
and 1 < y < yi where yi is the unique real root of 
Di = 0 as was established in ifT^ . Thus, in the slow ro¬ 
tation limit dSTIl the physical NEC is not violated along 
the conical light paths (|79]| if either y > yi (S 3 arbitrary) 
or 1 < y < yi and —1 < S 3 < S 3 _ or 1 > S 3 > S 3 + where 
(S 3 _,S 3 +) are given by 

S 3 ± = + (1 < y < yi). (85) 

The expression inside the square root is smaller than 1 
for all possible values of x if 1 < y < yi. In case of 
no rotation, the conclusion remains valid with (s 3 _, S 3 _|_) 
still given by ll85ll taking a = 0. 

For the nonrotating wormhole J59b . J62b (taking n = 
6 ) as well as for its rotating counterpart derived in this 
work, we conclude that if it were possible to direct light 
paths along the r-depend null vector Il79b . no violation of 
the NEC at any event on these paths would be observed. 

B. The weak energy condition 

The WEC is the constraint 

JwEC = {Tjiv + > 0 (physical WEC) ( 86 ) 

expressing the positiveness of the local energy as seen 
by any timelike vector id' {u^u^ = 1). Using the basis 
b ll30b , this is given by 

uP = Lf(ef -h Sie^r + + 336 ^) 

with (u= ^ =) . (87) 

Here Si, S 2 , and S 3 are independent of each others but 
bounded by —1 and 1. Using the SET expressions ll23b 
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and Il32b . and the basis b OOb along with the general ro¬ 
tating metric Q (taking K = 1), we find 


y ^yi (S 3 arbitrary) or 2) 1 < 1/ < 1/2 and — 1 < S3 < S3 
or 1 > S 3 > S 3 + where (S 3 _,S 3 +) are given by 


JwEc = X [rhs of dZSll]. ( 88 ) 

We intend to apply (l 88 ll to conical timelike paths mov¬ 
ing on the cone of equation 9 = constant (s 2 = 0) from 
spatial infinity to the throat (—1 < Si < 0 ) or conversely 
(1 > Si > 0 ) and spiraling in the same or opposite di¬ 
rection as the rotating wormhole (S 3 > 0 or S 3 < 0 , re¬ 
spectively, with IS 3 I < 1). For such paths, takes the 
form 


= U 


/I sWr-B „ ^ S 3 \ 
\N' '^'N^rsinOJ' 


Consider the rotating wormhole given by I l59b , 
and llTOll . Equation ll 88 l reduces to 


32Tzr^N^lvmc/U^ = {N[2N{B - rB')+Ar^N"{r - B) 
— 2N'{rB — 2r^ + r^B')] — 3a^r^W'^{r — B) sin^ 0 }s 3 
+ 32aci^NW sin0S3 -|- ArN^B' — — B) sin^ 6 

+ {AN[2r{r - B)N' - BN] + a^r^W^{r - B) sin^ e}s\. 


S3± = ±^/^^-^ + C>(«^) (1 < y < y 2 )- (94) 

If y 2 < 1 it is the case 1) that applies since y > 1. Note 
that if 1 < y < y 2 the expression inside the square root 
in Il94b is smaller than 1 for all 0 < Sj < 1. In case of 
no rotation, the conclusion remains valid with (S3_, S3+) 
still given by dMIl taking a = 0. 

In the above-made discussion, the timelike vector 
need not be geodesic. It is however straightforward to 
show that if the latter is geodesic, that is if u^.yu" = 0 , the 
above-drawn conclusions remain valid. The geodesic 
equation u^\yU^ = 0 with given by (| 8 ^ is a set of 
four equations where ifi.yU^ is identically 0. Solving 
u^.yiC^ = 0 and = 0 we obtain 


U = 


di — d2aW 


N 


S 3 = 


djN 


si = 1- 


r{di — d2aW)' 


(di - d2aW)^ 


(1 + ^), (95) 


Fixing n = 6, this reads 

327rr3fwEc/!J^ = ( 2 A 3 - 3a^A2)sl + 2aCs3 

+ i32nr^Prs + fl^A2)s? -H 32nr^Es - a^A2, (90) 

where A^ = IGnr^Pts, SnPPrs, and Bnr^E^ are given by 

(4y — 5)84 -|- 5 


A 3 — Vq- 




ro 


[xy3-(y-l)S4-l](Etif) 

2/ 


> 0, (91) 

YqX 


Snr^Prs = -ro ^^ 1)54 + 1 ^ gnr^Es = ^ > 0 

y^ y 

In Ref. Cl, it was shown that Pts > 0 yielding A 3 > 0. 
In the slow rotation limit dSTTl . Eq. (|9T) simplifies to 


where (di, ^ 2 ) are real constants. The fact that U > 1 and 
(N —>■ 1, W —>■ 0) as r —>■ 00 implies 

di > 1- (96) 

The constant ^2 is not arbitrary, but rather subject to 
— 1 <83 < 1. The equation N.yU'' = 0 is automatically 
satisfied. 

Now, restricting ourselves to the nonrotating case a = 
0, the rhs of ll92b becomes 


A3S3 -h D2 


(97) 


with 


A 3 = A 3 -F 16nr^(-Prs) > A 3 , 

D2 = Di + 167rr3(-P,s)^ > Di. (98) 


16nr^ iwEc/ 6 f^ = ^383 -F flCs 3 -F D 2 , (92) 

where 

D 2 =167rr^(Prssf + Eg), 

=Di -F 167Tr3 P,s(s? - 1) > Di (93) 

>0 

The fact that D 2 > Dj shows that for any root yi to D 4 = 
0 there corresponds a root y 2 < yi to D 2 = 0. Since 
A 3 > 0 and C > 0, we conclude that, for any given si 
(0 < < 1), the physical WEC is not violated along the 

conical timelike paths ll89b for all possible values x if 1) 


Since, by (l5^ and (l96ll . N^/d^ < 1 and A 3 > A 3 , the 
conclusions made in the paragraph following and 
in the first paragraph following Il94b remain valid on re¬ 
placing y 2 by y 2 , which is a root to D2 = 0. 

VIII. CONCLUSION 

We have shown that Teo's wormhole a could be 
sourced by two anisotropic fluids. Applying the same 
procedure we constructed a redshift-free (N = 1) rotat¬ 
ing wormhole sourced by two anisotropic rotating fluids 
one of which is exotic and the other is a source-free elec- 
fric or magnetic field. We have shown that the NEC is 
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violated along any path crossing the throat in the non¬ 
rotating case but not in the rotating one. 

Nonrotating wormhole with positive total energy 
density are classified into three types. Using a non¬ 
rotating massive type 1 wormhole |l3] we constructed 
its rotating counterpart which both are sourced by two 
anisotropic fluids-exotic one and a source-free elecfro- 
magnefic one. The shiff and fhe shape funcfions of 
fhese rotating wormholes depend only on the mass 
while their angular velocity depends on the mass and 
the charge. We have shown the existence of a mass- 
charge constrainf yielding almost no more dragging ef¬ 


fects than ordinary stars. 

We have proven the importance of nonrotafing and 
rofating type 1 wormholes by showing the existence of 
conical spirals along which the physical NEC and WEC 
are not violated. Observes, particularly those crossing 
the throat, will not be able to measure negative amoimts 
of energy densities in fheir frames if fheir journey bor¬ 
rows the conical spiral paths defined in fhis work and 
probably other paths too. 

The analytical method developed in this work can 
easily be extended to account for fhe superposifion of 
fhree fluids. 
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